We study spiral waves in a model of Ca 2+ dynamics in the Xenopus laevis oocyte. Spiral waves in the model were initiated by simulating the release of inositol 1,4,5-trisphosphate (IP 3 ), a common experimental protocol. No artificial heterogeneities need to be imposed on the system for the spontaneous formation of spiral waves. Increasing the size of the IP 3 additions caused a decrease in the rotation period, and the breakup of the spiral wave solutions. After the breakup of a spiral wave, irregular spatio-temporal patterns occurred. Similar disorganised patterns are sometimes seen experimentally; based on our simulations we predict that a simple experimental procedure may be sufficient to reproduce unstable spiral waves.
not occur in a spatially homogeneous fashion, but instead take the form of periodic intracellular waves.
When a cell is large enough, these periodic waves can exhibit more complex spatio-temporal organisation.
For instance, in the Xenopus laevis oocyte (a very large cell with a diameter of up to 1000 µm) a variety of wave behaviour has been observed including plane waves, pulsating patterns, and spiral waves.
Xenopus oocytes are thus an ideal cell type for the study of the mechanisms underlying Ca 2+ wave propagation, and have been studied correspondingly intensely [Lechleiter & Clapham 1992 .
There are a number of models for Ca 2+ wave
propagation [Goldbeter et al. 1990 , Somogyi & Stucki 1991 , DeYoung & Keizer 1992 , Li & Rinzel 1994 , Sneyd et al. 1995 , all of which show a great deal of fundamental similarity. Here we shall use only the model developed by Atri et al. [1993] , a model that was developed using, wherever possible, parameter values determined from Xenopus.
The biological mechanism
There is widespread agreement on the initial steps of the process that leads eventually to Ca 2+ waves. Furthermore, we shall assume that the spirals live on a planar two-dimensional surface. Although the outer layer of the Xenopus oocyte is clearly spherical in geometry, the large diameter of the oocyte (about 1000 µm) compared to the wavelength of a typical spiral (150-200 µm) means that an assumption of planar geometry will be sufficiently accurate for our purposes.
We assume that IP 3 diffuses passively through the cytoplasm, and is not degraded. Thus
where P denotes the concentration of IP 3 . Thus, we are simulating experiments using non-hydrolysable analogues of IP 3 that are degraded only very slowly if at all.
Similarly, we assume that Ca 2+ diffuses passively, is released through the IP 3 receptor (J channel ), is pumped into the internal store (J pump ), and leaks into the cell from the ER or from outside (J leak ).
Thus, letting c denote the concentration of Ca 2+ , we
where
The expressions for J pump and J leak are straightforward, but J channel is more complicated, being a product of three terms (k f lux is merely a scaling parameter); µ denotes the fraction of recep- 
This assumption of fast activation and slow inactivation is based on the experimental results of a number of groups [Finch et al. 1991 , Parker & Ivorra 1990 , Parker & Yao 1992 .
The parameters for J channel were chosen so as to agree with the experimental data of [Parys et al. 1992] . It is important to note that the pumping efflux measured by Parys et al. [1992] [Lechleiter & Clapham 1992] . Because of this leakage through the cell membrane was very small. Therefore the term J leak was set to zero for all the simulations. A non-zero leak makes no qualitative difference to our results.
The parameter values used in the model are shown in Table 1 . Parameter values were chosen to match up with known experimental results, where these were available. Note that the diffusion coefficient of Ca 2+ is set at a low value to simulate the effects of Ca 2+ buffering [Sneyd et al. 1995 ].
An insight into the type of solutions the model has may be gained by considering the spa- 
Results

Initiation of stable spiral waves
Numerically computed spiral waves in this model, quantitatively similar to those seen experimentally, have been found by Atri et al. (1993) . Atri et al.
(1993) first initiated periodic plane waves by the release of a bolus of IP 3 , and then used arbitrarily selected regions to block passage of the waves, leading to breakage of the wave front, and consequent spiral formation. After a short time, the blocking regions were removed, and the spirals thus continued to rotate in a homogeneous medium. However, one major criticism of these computations has been that spirals were initiated by artificial conditions that were not likely to exist in the cell, as it was difficult to justify the assumption of temporary blocking regions on purely physiological grounds.
In Figure 4 we show how spirals may be ini- 
Breakup of spiral waves, and periodically spiral waves
Calcium waves in Xenopus can sometimes form spatio-temporal patterns considerably more complex than simple spirals. In an effort to gain some understanding of this more complex wave behaviour, we wish to investigate under what conditions the spiral wave solutions persist, or whether breakup of the spirals can lead to more complex behaviour. In order for the results to be useful, we wish further to show that spiral breakup can be generated by a procedure that can be reproduced in the laboratory.
In Figure 5 , we show the result of a computation similar to that shown in Figure 4 , except that now the size of the bolus in block C is slightly increased. In this simulation, the long term value of µ is 0.39547, which corresponds to a steady IP 3 concentration of about 2.17 µM. By 900 seconds, the central spiral has formed, but the smaller spirals around its edge have broken up to disordered behavior. Interestingly, at 1200 seconds we see that the central spiral itself starts to breakup, but by 1500 seconds has spontaneously reformed. This periodic appearance and disappearance of the spirals is a characteristic feature of our simulations; we call these kinds of waves periodically spiral waves.
When the size of the IP 3 bolus in block C is increased still further (long term value of µ is 0.3965,
.20 µM), we get an earlier, and more complete, breakup of the central spiral.
Discussion
We have shown that spiral waves can be initiated by a procedure that mimics experimental procedures.
Simple addition of IP 3 in a number of different places can lead spontaneously to spiral wave formation. No artificial heterogeneities need to be imposed on the system, apart from those arising naturally as the result of the heterogeneous distribution of IP 3 .
By varying the size of the IP 3 additions, we can generate different long-term IP 3 concentrations;
as the long-term [IP 3 ] increases, the spirals become unstable, and break up to form irregular spatiotemporal patterns. This instability is not caused by the slight heterogeneities that exist in [IP 3 ] at large times. We showed this by simulations in which the background IP 3 was set to be constant (at its steady state value) once the spiral had formed, but before it had broken up (for instance, at time 500 seconds in Figure 5 ). In these simulations (not shown here) the spirals still broke up in the same manner. In our simulations, spiral breakup occured first at the spiral core, when the wave given off by the core intersected the refractory region behind the previous wave; this mechanism for destabilising spirals has been described before in other models [Panfilov & Holden 1991] .
As shown in Figure 7 , the spiral period decreases with increasing long term IP 3 concentration.
If the spiral period is less than a critical value of domain the patterns that form are less stable, a result that has been proven for spiral waves in an oscillatory medium [Paullet et al. 1994 ].
Our results predict that a dose-response se- Figure Captions Table 1 . B: a detailed view of the Hopf bifurcation at µ = 0.2926. Around this value of µ a second branch of unstable periodic orbits appears, and then disappears in a second homoclinic bifurcation when it intersects the branch of unstable steady states. µM. This value of µ is close to the boundary between instability and stability, and so large, regular spiral waves persist in large regions of the domain. Elsewhere, the spirals are much smaller, and do not persist, leading to more disordered behavior. 2.20 µM. The center spiral becomes unstable by 700 seconds, and reforms periodically, but never persists long enough to take over a significant portion of the domain. By 1200 seconds, irregular spatio-temporal behavior is seen over the entire domain. Fig. 7 : Spiral period and wave speed as a function of the steady state value of µ. As µ increases (i.e., as the background IP 3 increases), the spiral period decreases, due almost entirely to an increase in the wave speed, while the wavelength remains almost constant. However, once the spiral period is too low, the spiral cannot sustain itself; the wave given off by the spiral core runs into the refractory region behind the previous wave, which causes breakup of the spiral. 
